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Abstract. In this paper, among other things, we study those conditions under 
which the weighted semigroup algebra £^{S, uj) is a dual Banach algebra with respect 
to predual co{S). Some useful examples, illustrating the results, are also included. 



1. Introduction and Preliminary results 

For a Banach algebra 21 assume that 21* and 21** are the first and second duals of 21, 
respectively. For a, 6 € 21 and / € 21*, we define the elements / • a and a • / of 2t* by 
the formulae 

(/•a,6) = (/,a5)and {a ■ f,b) = {f,ba). 

These are the natural module actions of 21 on 21* which turns 21* into a Banach 
21— module. Also we define the so-called Arens products □ and on 21** by the formu- 
lae: 

(m □ n, /) = {m, n ■ f) and {m () n, f) = (n, f ■ m), (m, n G A**); 

in which, 

(/ • m, a) = (m, a ■ f) and {m ■ f,a) = {m, f -a). 

The Banach algebra 21 is said to be Arens regular if " □ = " on the whole of 21**. 
This is the case, for example, for all C*— algebras, [2], and also for L^(G) if (and only 
if) G is finite, [12]. The interested reader may refer to [3] for ample information about 
the Arens regularity problem. 



A Banach algebra 21 which is a dual space, with predual 21*, is called a left (respec- 
tively, right) dual Banach algebra if 21* is a closed left (respectively, right) 21— submodule 
of 21*. If 21 is both left and right dual Banach algebra, then it is called a dual Banach 
algebra. In each case we involve to the weak*— topology o"(2l,2l*) on 21. It is easy to 
verify that 2t is a dual Banach algebra if and only if it is a dual Banach space whose 
multiplication is separately w*— continuous (see, [5l Lemma 5.1]). 
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It should be mentioned that the predual of a dual Banach algebra need not be unique, 
in general; for instance, one may furnish a Banach space, which admits two distinct 
preduals (such as, £^ which admits c and cq as two distinct preduals) with the zero 
product to obtain a dual Banach algebra with two distinct preduals. Therefore to 
avoid the risk of ambiguity we usually determine the involved predual. We wish to 
thank M. Daws for bringing the preprint [7] to our attention; in which the authors 
studied the uniqueness of predual for a wide variety of group algebras. 

We commence with the next result. 

Proposition 1.1. Let ^ be a dual Banach algebra. If ^ has a bounded approximate 
identity then it has an identity. 

Proof. Let (e^) be a bounded approximate identity for 2t. Clearly it has a cluster 
point e G (21*)*. By passing to a subnet, if necessary, assume that w* — limeo- = e. 
Consequently, for each a G 21, — lim 6cjCt — ea'j on the other hand — limCcjCt — a. 
Therefore ea = a and so e is a left identity of 21. A similar argument may apply for the 
right identity. □ 

It is well known that every von Newmann algebra is a dual Banach algebra; more 
precisely, a C*— algebra is a dual Banach algebra if and only if it is a von Neumann 
algebra (see, [W\ Example 4.4.2(c)]). Also the measure algebra M{G) of a locally 
compact group G is a dual Banach algebra (with predual Co{G)). In [H Theorem 4.6] 
it has been shown that the semigroup algebra £^{S) is a dual Banach algebra with 
predual 00(5") if and if S is weakly cancellative. 

A direct verification reveals that 2t* is a left (21**, □)— submodule (respectively, right 
(21**, 0)— submodule) of 21***; therefore (21**, □) is a left dual Banach algebra as well 
as (21**, 0) is a right dual Banach algebra (with predual 2t*). Moreover the following 
result (a version of which is given in [5l Proposition 5.2]; and also a module action 
version of which is given in ^ Proposition 3.1]) determines the situation under which 
each of (21**, □) and (2t**,0) is actually a dual Banach algebra. 

Proposition 1.2 (See O Proposition 5.2]). For a Banach algebra 2t the following 
statements are equivalent. 

(i) (21**, □) is a dual Banach algebra (with predual 21* j. 

(a) (21**, 0) is a dual Banach algebra (with predual 21*^. 

(Hi) 21 is Arens regular. 

Furthermore, as it is emphasized in [71 Theorem 5.1], in the case where 21 is Arens 
regular then 21* is the unique predual of the dual Banach algebra 21** , provided that 2t 
is an ideal in 21** and 2t** is unital. 
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The central goal of this paper is to provide those conditions under which the weighted 
semigroup algebra £^{S,io) and semigroup measure algebra Mh{S) are dual Banach al- 
gebras. We show that £^(5, w) is a dual Banach algebra with respect to the canonical 
predual co{S) if and only if G cq{S) and G co{S), for all s,t £ S. From this 
some older results concerning the dual semigroup algebra £^{S) are improved. For a 
locally compact Hausdorff topological semigroup S, the measure algebra Mh{S) — from 
the dual Banach algebra point of view — is also studied . 

2. Weighted semigroup algebra as a dual Banach algebra 
Let F and K be nonempty subsets of a semigroup S and s G 5. We put 

s-^F = {t£S : st£F}, and Fs~^ = {t £ S : ts £ F}, 

and we also write s~^t for the set FK~^ for |J{Fs~^ : s G A'} and K~^F for 

{j{s-^F -.seK}. 

A semigroup S is said to be left (respectively, right) weakly cancellative if s~^F (re- 
spectively, Fs~^) is finite for each s £ S and each finite subset F oi S. A semigroup S 
is said to be weakly cancellative if it is both left and right weakly cancellative. 
A weight on 5 is a function : S" — > (0, oo) such that 

uj{st) < uj{s)uj(t), (s,t G S). 

Let w be a weight on S, then the space 

£\S,u;) = {f: / = ^/(s)5„ = ^ 1/(^)1^(5) < oo}, 

(where, 6s £ ^^(5, is the point mass at s which can be thought as the vector basis 
element of i^(S,w)) equipped with the multiplication 

/ * 5 = (E /(^)^«) * (E am) = E( E f(')9mr , 

s£S t£S res st=r 

(and also define f * g = 0, ii for each r £ S the equation st = r has no solution;) is a 
Banach algebra which will be called a weighted semigroup algebra. 

The dual space of £^{S,lo) is the space 

£^{s, io) = {4>: = E <t>m, mUu. = sup I 44 l< oo}; 

tTi ses w(s) 
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(here we use the same point mass as the vector basis element of l°°{S,w)), whose 
duahty is given by 

(0,/) = {cP G e^{S,u;)jG e{S,u;)). 

ses 

In particular, {es,St) = 6s,t, where 6s,t is the Kronecker delta, that is, 

\ s 7^ t. 

From now on we write Ip for the characteristic function of F. 

The next lemma describes explicitly the module actions of 21 = £^{S,tLi) on 21* = 
^°°(5,cj). 

Lemma 2.1. Let S be a semigroup, then Cs ■ St = It-^s orad St ■ Cs = Ist-i, for every 
s,teS. 

Proof. Let r G 5, then 

{es-St,Sr) = {es,St*Sr) 

= {es,Str) 
= Ss,tr 

1 r £ t"^s 
Or ^ t-^s 

Therefore Cs ■ St = Ij-is, and similarly St ■ = l^t-i- ^ 

By the latter lemma, for / € £^{S,lo) and (p ^ ^°^{S,io), with / = J2ses fi^)^s and 
= Ylses (t>{s)es, we have: 

</>•/= E <A(s)/(t)Vi„ and f-(p=Y. <Pis)f{t)lst-^- 
s,tes s,t£S 

We also define 

Co(S,Lo) = {(j): (/) E i°°(S,uj) and - G Co(5)}. 

Then co(S', lo) is a closed subspace of w); indeed, 00(5", uj) is the closed linear span 

of {cs : s G 5} in £°°(5',u;). The dual space of co{S,u>) is £^{S,uj) (whose duality is the 
restriction of that we have presented between £°°{S,io) and £^{S,lo)), and so its second 
dual can be identified with £'^{S,uj). 



WEIGHTED SEMIGROUP ALGEBRAS AS DUAL BANACH ALGEBRAS 



5 



The next result determines when a weighted semigroup algebra is a dual Banach 
algebra. 

Theorem 2.2. A weighted semigroup algebra £^(S', is a left (respectively, right) 
dual Banach algebra with predual co{S,uj) if and only if -^^-^ € Co{S) (respectively, 
^£co{S)),for alls,teS. 

Proof. Let i^{S,uj) be a right dual Banach algebra with predual co{S,uj), that is, 

00(5", uj) ■ i^{S, u>) C co{S, uj). 

For s,t £ S since Cg G co{S,uj) and 6t € £^{S,lo), the latter inclusion together with the 
equality l^-is = • 5t, Lemma [2?n imply that l^-ig G co{S,u!). 

For the converse, suppose that / € £^{S,uj) and (p £ co{S,uj). For each e > there 
exist functions (po and /o with finite supports such that 

ll"^ - <?^o||oo,w < e and ||/ - /o||i,c^ < e. 

Now from the inequality ||<^ • /||oo,c^ < ||0||oo,a;||/||i,c^; we have, 

\^-f\ < e(||0o||oo,^ + 11/111,..) + 100 -/ol- 

As (po • fo = 0o(s)/o(i)lt-is is a finite combination of the functions Ij-ig 

which are in co{S,uj), we have (j)o • fo £ cq{S,w) and the latter inequality implies that 
(j) ■ f (z co{S , w) , as required. The left case needs a similar proof. 

□ 

Remark 2.3. Let 2t be a Banach algebra with two preduals 2l*i and 21^,2. It may be that 
2t is a dual Banach algebra with respect to 21* 1, but is not with respect to 21*2; (see, 
[U Example 7.30] or Example 12.141 below) . If 2l*i and 2t*2 are isometrically isomorphic 
(as Banach spaces) then a routine argument shows that 2t is dual with respect to 21* 1 
if and only if it is dual with respect to 21*2. We mention that the 21— module actions • 
and • of 2t*i and 21*2, respectively, are related to each other via the equations 

a»x = 9{a- 9~^{x)) and x • a = 6{9~^{x) ■ a), (a G 2t, x G 21*2); 

where, ^ : 2l*i ^ 21*2 is the involved isometric isomorphism. 

With this observations in mind, as for every two weights uj and uj' on S, the Banach 
spaces cq{S,uj') and C(){S,uj) are isometrically isomorphic (under the mapping cj) 1— >■ 
0^); i^{S,uj) is a dual Banach algebra with respect to the predual co{S,uj) if and only 
if it is dual with respect to the predual co{S,uj'); (or equivalently, with respect to the 
predual co{S)). Based on these facts, being £^{S,uj) as a dual Banach algebra with 
predual co{S,uj') depends merely on the behavior of the weight uj imposed on i^{S,uj) 
and is quite independent from the behavior of the weight uj' imposed on the predual. 
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So for the sake of simplicity, without loss of generality we only need to study £^{S,uj) 
from the dual Banach algebra point of view with respect to the canonical predual co(S'). 

Based on what we have remarked in the preceding remark, as an immediate conse- 
quence of the latter theorem we have, 

Corollary 2.4. A weighted semigroup algebra £^{S,uj) is a dual Banach algebra with 
predual co(5) if and only if -^j^, £ co{S), for all s,t & S. 

We apply Corollarv 12.41 to obtain the next result, whose sufficiency can also be found 
in [6l Proposition 5.1], with a proof slightly different from ours. 

Proposition 2.5. If S is weakly cancellative then £^{S,lo) is a dual Banach algebra 
with predual cq{S). The converse is also valid in the case where lo is bounded. 

Proof. Let S be weakly cancellative, then for each s,t G S the functions -^^^ and 
--^^^ vanish on the complement of t~^s n st~^, and the latter is finite by the weak 
cancellativity. Now Corollarv 12.41 implies that i^^S^uj) is a dual Banach algebra with 
predual co{S). For the converse assume that u) is bounded (by M > 0). As £^{S,uj) is 
a dual Banach algebra with predual cq{S), again by Corollary 12.41 there exists a finite 
subset F of 5 such that for each x ^ F, 

< 2M- 

Therefore x ^ t~^s, that is, t~^s C F, hence S is left weakly cancellative. A similar 
argument may apply for the right cancellativity of S. □ 

Using the latter result for the special case cj = 1, we present the next result of Dales 
et al, [1]. 

Corollary 2.6 ([H Theorem 4.6]). For a semigroup S, £^{S) is a dual Banach algebra 
with the predual co{S) if and only if S is weakly cancellative. 

It should be mentioned that however the weak cancellativity of 5, by Proposition [221 
ensures that £^{S,lo) is a dual Banach algebra with respect to all preduals £0(5"), but 
the same result may hold in non-weakly cancellative setting, provided that the weight 
CO enjoys some additional conditions. The next result provides some conditions under 
which £^{S,uj) is a dual Banach algebra with predual co{S). 

Proposition 2.7. In either of the following cases £^{S,uj) is a dual Banach algebra 
with predual cq{S). 

(i) wi,Wr e co{S); where, wi{t) = sup^gg |^^| and Writ) = sup^g^ |^^|, {t e S). 
{ii) h e co{S). 
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Proof, (i) Assume that wi € co{S) and cp G co(5), then for each s,t G 5, 

< II ||oo,c^ Wl{t). 

As tt;; € Co (5) then € co(S'), or equivalently. Similarly, from Wr G co{S) one may 
deduce that ^ G co(S). Therefore £^5, a;) is a dual Banach algebra, as required. 
(ii) The trivial inequalities 

— — - < — and — — < — , € 5), 

together with ^ G co(5) imply that ^ co(5), and so by Corollary [231 

i^{S,io) is dual Banach algebra. □ 

As a partial converse to part (ii) of the latter result we have. 

Proposition 2.8. If £^{S,uj) is a dual Banach algebra with predual cq{S) then ^ G 
Co{S), provided that either {st~^Y or [t^^sY is finite, for some s,t G S*. 



Proof. Assume that i^{S,uj) is dual Banach algebra with predual 00(5"). If {st~^Y is 
finite for some s,t G S*, as -^j^ G 00(5") the function -^jj^ vanishes on the complement 
of a finite subset F of 5. Therefore ^ vanishes on {{st~^Y U Py, which means that 
h e co{S). □ 

The next proposition describes a situation for which S is not weakly cancellative and 
^ ^ co{S), nevertheless £^{S,u>) is dual Banach algebra with predual co{S). 

Proposition 2.9. Let Si be a weakly cancellative semigroup, S2 be a non-weakly can- 
cellative semigroup, uJi be a weight on Si such that ^ is not bounded and let uj2 be 
a weight on S2 such that ^ G co(S'2). Then £^{S,oJi x u>2) is a dual Banach alge- 
bra with respect to predual co(5i x S2), but neither Si x 5*2 is weakly cancellative nor 
G co(5i X S2). 

Proof. The identity 

^"'^^^"'^^ {x,y) = ^^^{x)^^^{y) {x,y e S), 

UJl X UJ2 UJl UJ2 

implies that £^{S, uJi xa;2) is a left dual Banach algebra with predual 00(5"! x S2); indeed, 
for a given e > 0, as Si is weakly cancellative and G cq{S2) there exist finite subsets 
Fi C Si and F2 C ^2 such that ^^^{x) = for 2; ^ Fi and ^^{y) < e for y ^ F2. 
Therefore, if (x, y) i F1XF2 then hiM£j£)zL(^x^ y) < Me where M = vna-K^^p^ ^t^(^)- 
A similar proof may apply for the right case. That ^^^^^ ^ co(5i x ^2) follows directly 
from the fact that — is not bounded. □ 
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Recall that two weights to and to' are said to be equivalent if there exist two positive 
numbers a, j3 such that j3uj' < uj < aw', on the whole of S. If so then trivially i^{S, uj) = 
eiS,Lj'). Two weights CO and u! on S are said to be locally equivalent if for every s,t G 5, 
there exist positive numbers a,f3 such that (3ij' < uj < au , on st~^ U t~^s. Trivially 
equivalent weights are locally equivalent and the converse is also hold, provided that 
either st~^ = S or t~^s = S, for some s,t € S*. The next result compares i^{S,uj) and 
i^{S,uj') from the dual Banach algebra point of view. 

Theorem 2.10. For every two locally equivalent weights uj and uj on S, i^{S,uj) is a 
dual Banach algebra with prdual co{S) if and only if £^{S,uj ) is a dual Banach algebra 
with the predual co{S). 

Proof. Fix s,t G S. As uj and uj are locally equivalent, there exists positive numbers 
a,/3 such that f3uj' < uj < aJ on st~^ U t~^s. Let i^iS^uj) be a dual Banach algebra 
with prdual co(5). Then the equality 

UJ UJ uj' 

together with the fact that < a on st~^ imply that -^Jt-^ € 00(5"); see Corollary 12. 4i 
Similarly G co(5) and so £^(S,uj') is a dual Banach algebra with prdual co(5). 

UJ 

□ 

We conclude this section with the following examples illustrating the last results. 

Example 2.11. (i) Let S = (N, V), where m y n = max{m,n}. As S is weakly 
cancellative, £^{S,uj) is a dual Banach algebra with predual co{S). 

(ii) Let S = (N, A), where m An = min{m, n}. Then 1 A 1^"*^ = N and so S is not 
weakly cancellative. Since (1 A l"^)*^ is empty. Proposition 12.81 together with part (ii) 
of Proposition 12.71 implv that £^{S,uj) is a dual Banach algebra with predual cq{S) if 
and only if ^ S Co{S). Note that two weights uj{n) = 1 + n and uj (n) = 1 + are 
not locally equivalent on S; nevertheless both of i^{S,uj) and i^{S,uj') are dual Banach 
algebra with predul co(5'), and this confirms that the converse of Theorem 12.101 is not 
valid, in general. 

Example 2.12. Let S = (Z, A), be a weight on S and let be the restriction of uj 
on the subsemigroup N of S". A direct verification shows that for m,n & S, 

(f) m > n 

m A = < {m} m < n 

{m,m + l,---} m = n. 

In particular, 1 A = N. If £^{S,uj) is dual Banach algebra with predual co(5) then, 
by Corollary EH ^ = ^'^"^^'^^ G co{S) from which we have ^ G co(N). Conversely, 
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if ^ G co(N) then for each e > there exists N £ 'N such that ^(^) < e, for ah 
k > N. This imphes that for each m, n G S, if A; G Z is so that | A; |> max{A^, n} then 
^(mAn-i) ^ equivalents, ^''"^J"'' G co(5). Therefore Corollary [221 imphes that 
£-'^(5, w) is dual Banach algebra with predual co(5). We have thus proved that for every 
weight u> on S = A) the next assertions are equivalent: 

(i) £^{{1', a), id) is dual Banach algebra with predual cq(X); 

(ii) £^{{Z,\/),uj) is dual Banach algebra with predual cq{Z), where Lo{n) = u){—n); 

(iii) £^{N,u!fq) is dual Banach algebra with predual co(N); 
(zv) ^ G Co(N). 

In which, the equivalence (i) <^ (ii) follows from the fact that the Banach algebras 
^"^((Z, a), w) and ^"^((Z, V), w) are isometrically isomorphic and equivalence {in) <^ {iv) 
is proved in part (ii) of Example 12.111 

One may trivially accept that {iv) dose not imply that ^ G co(Z), in general; as a 
sample, for the weight 




1 + n n G N 
1 otherwise. 



l^{{1>, a), cj) is dual Banach algebra with predual cq{Z), but ^ does not belong to cq{'Z). 
Furthermore (m A 7i~^)'^ and {n A 7n~^)'^ are infinite for all m,n £ and this confirms 
that the hypothesis imposed in Proposition 12.81 are essential. 

Example 2.13. Let S = (N x N, •), where (m, n) • (m',n') = (m + m',n') and let 
(jj{m, n) = e~™'(l + n), for all m, n, m', n' G N. Then ^^(5, to) is a dual Banach algebra 
with respect to predual co(«S'). However, S is not weakly cancellative (for instance, 
(2,2) • (l,2)~i = 1 X N), and ^ ^ co{S). This is a modification of Proposition for 
uJi{m) = e~™, i02{n) = 1 + n, 5i = (N, +) and 5*2 = N, equipped with the right zero 
multiplication. 

Example 2.14. Let S be an infinite left zero semigroup, then trivially s"^s = S and 
st~^ = {s}, for each s,t £ S. Therefore S is not left weakly cancellative however it is 
right weakly cancellative; and so for every weight w on S, i^{S, uj) is a left dual Banach 
algebra with predual co{S), but it is not a right dual Banach algebra. It is worthwhile 
mentioning that £^{S) is actually a dual Banach algebra with respect to the predual 
c{S) = co{S) e CI, (see H Example 7.30]). 

3. SEMIGROUP MEASURE ALGEBRA AS A DUAL BANACH ALGEBRA 

Throughout this section S is assumed to be, at least, a locally compact Hausdorff 
topological semigroup. The (semigroup) measure algebra Mh{S) of S is the space of 
all bounded Radon measures on 5. It is known that Mf,{S) is the dual of Co{S) as 
Banach space (under the duality (/i,/) = Jgfdn, for /j, G Mi,{S),f G Co{S)), where 
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Co{S) is the space of all bounded continuous functions on S which vanishes at infinity. 
Furthermore, Mh{S) is a Banach algebra under the following convolution product. 

ti*Hf)= f f f{st)d^i{s)du{t), if eCo{S),fi,uGMh{S)). 
Js Js 

A direct verification reveals that the induced module actions are 

if-^t)is) = [ fist)dfiit) and = / fits)dfiit), ifi G Mb(5),/ G C7o(5),s G 5). 

Js Js 

The next result impose some conditions on S under which Mi,{S) becomes a dual 
Banach algebra with predual Co (5), (see also [HI Proposition 2.3]). 

Proposition 3.1. If the sets FK~^ and K~~^F are relatively compact, for all compact 
subsets F and K of S, then the measure algebra M{,{S) is a dual Banach algebra with 
respect to predual Co{S). 



Proof. Let / G Cq{S), /i G Mi,{S) and e > be arbitrary. Therefore there exist compact 
subsets F and K of S such that 

|/(s)| < e for all s ^ F and \li{S\K)\ < e. 



Then for s ^ K ^F, (which is compact by the hypothesis) 
\l^-fis)\ = I / f{ts)dfi{t)\ 



< I / fits)df,it)\ + \ / fits)df,{t)\ 
Jk Js\k 



< (11/^11 + ll/llooje. 

Therefore /i • / G Co(5). A similar argument may apply (or f ■ fj. ^ Co{S). □ 

Since all compact Hausdorff spaces and also all locally compact Hausdorff topological 
groups trivially obey the hypothesis of the latter theorem, as an immediate consequence 
we have the next corollary. 

Corollary 3.2. // S is either compact or a topological group, then Mf,{S) is a dual 
Banach algebra with predual Co{S). 

The next result provides a partial converse to Theorem 13. li 

Proposition 3.3. If M^,{S) is a dual Banach algebra with predual Cq{S) then s~^K 
and Ks~^ are compact, for each compact set K in S and s G S. 

Proof. Let K he a compact subset of S and let s G 5", then there exists an / G Co(-S') 
such that f{K) = 1. Since Mfe(S') is a dual Banach algebra with predual Co(S'), 5s • f & 
Cq{S) and thus {t G S : f{st) = {5s ■ /)(i) > 1} is compact and contains s~^K as a 
closed subset. Therefore s~^K is compact. Similarly, Ks~^ is compact. □ 
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It should be remarked that, the compactness of s K and Ks^\ for every compact 
set K m. S and s S S", is also equivalent to the fact that Cq{S) is translation invariant; 
for more details see [H Example 3.1.10], in which one may find some other equivalent 
assertions of this fact from the semigroup compactification point of veiw. 

Using Corollarv 13.21 and Proposition 13.31 we have the next result. 

Corollary 3.4. Let S he either a left zero, a right zero or a zero semigroup, then AIi,{S) 
is a dual Banach algebra with predual Co{S) if and only if S is compact. 

Proof. Follows trivially from the above mentioned results and the fact that, in the 

right (respectively, left) zero semigroup setting, ss~^ = S (respectively, s~^s = S), 

for each s & S; and in the case where 5 is a zero semigroup (with a zero z) then 

zs~^ = S = s~^z, for each s G 5. □ 
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